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The framework
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Algorithm 1: Algorithm for making ﬁSQL adaptive to s.

The sparse linear regression model
Y =Xf" + ¢,
with
Y € R" : vector of observations

X € R™?: desigh matrix

p* € RP : unknown true parameter with at most s non null
components

ii.d. :
e € R* "< N(0,0?) : random noise.

Definition of the estimators

Square-Root Lasso :

p0 = argmin (1Y ~ Xpll, + Al

Square-Root Slope :
B5% = argmin (1Y = XBlln+ B1.),

p
where
|4 is the I; norm and || - ||5 := | - |5/n is the prediction norm
uly = Zle/lj\u\(,-) is the sorted [; norm

with tuning parameters A; > --- > A, > 0,and 4 > 0.

SRE(s, ¢y) condition :

Input: a distance d(-, ) on R?
Input: a function w(-) : [1,s.] — R,
Input: a family of estimators (fs))

M «— |log,(s.)] ;
form—1toM

s=1,...,8

1do

compute the estimator ﬁA(zm) ;
end

compute & « ||Y — X,BA(ZMH)Hn ;

compute the set S; «— {m e {1,...,M}:
d(ﬁ(zk—l),ﬁ(zk)) < 46 Cyw(2%), for all k > m} ;

if S # 0 then m <« min S; else m «— M;
Output: s « 213"‘
OUtpUt: ﬁ «— ﬁ(g)

The design matrix X satisfies max;—; ., ||Xe|[, < 1 and

..... _

X0
K(s) := min il > 0,
d€Csge(s,co):0#0 ‘5 ‘2

where Csrp(s, ¢p) := {5 € RP : |5]; < (1 + ¢p)Vs|d]2}-

WRE(s, ¢y) condition :

Computation of the Square-root Slope

As in the case of the Square-root Lasso, we still have for any f

Y — XB||?
HY—X,BHn:min(G | | 'BH"),
o >0 O
where the minimum is attained for ¢ = ||Y — Xp]||,.

As a consequence,

5 ¢ argmin (1Y - %l + 1)
pr= e argmin (1Y = Zp]ln + 1]

is equivalent to take the estimator ,BA in the joint minimization
program

(B, 6) € arg min
PERP, 6>0

(m HY—XﬁH%Hm).

p)

Algorithm 2: Scaled Slope algorithm

The design matrix X satisfies max;—;__,||Xej||, < 1 and

..... —

) . [|X6] ],
K = min > 0,
5€Cwri(s,c0):6#20 |02

where Cugg(s, ¢o) := {5 ERP: 8], < (1+ co)wz\/z;:la;}.

Choice of the tuning parameters

Square-Root Lasso:

n S

1 2
A= y\—log (—p), with y > 16 + 4V2,

Square-Root Slope:

1 2
A= y’\zlog (TP), forj=1,...,p, withy" > 16+4\/§,

Minimax optimal rates for Square-root Lasso

Input: explained variable Y, design matrix X ;
Input: tuning parameters A; < --- < A, ;

choose some initialization value for o, for example the standard

deviation of Y ;

repeat

estimate ﬁ by the Slope algorithm with the parameters
0 My, 0 Ap;

estimate & by ||Y = X8|, ;

until convergence;

Output: a joint estimator (,BA, 5) ;

If (s/n)log(2p/s) < 9x*/256y* and under SRE(s, 5/3), then with
probability greater than 1 — (p/s)™° — (1 + €?)e ™%, we have

S

P~ ol < oy 210k (2),

, . C 1. (2
K n S

where 1 < q < 2 and Cy, G, are constants.

Minimax optimal rates for Square-root Slope

If (s/n)log(2ep/s) < k’*/256y’* and under WRE(s, 20), then with

probability greater than 1 — (p/s)™* — (1 + €?)e ™24, we have

. C’
IX(B°2° = B)||n < —10\/£ log (B)
K’ n

S
. ) C s P
|ﬁSQS _ ﬁ ‘* < K,120'n10g (;) .
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B - B < —,;a\/— log (£),
K n
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where C] is a constant,
denoting by | - |, the I, norm (for estimation), and || - |2 := | - |
(for prediction).
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