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The framework

The sparse linear regression model

Y = Xβ∗ + ε,
with
I Y ∈ Rn : vector of observations
I X ∈ Rn×p : design matrix
I β∗ ∈ Rp : unknown true parameter with at most s non null

components

I ε ∈ Rn
i.i.d.
∼ N(0,σ 2) : random noise.

Definition of the estimators

Square-Root Lasso :

β̂SQL := argmin
β

(
| |Y − Xβ | |n + λ |β |1

)
Square-Root Slope :

β̂SQS := argmin
β

(
| |Y − Xβ | |n + |β |∗

)
,

where
I | · |q is the lq norm and | | · | |2n := | · |22/n is the prediction norm
I |u|∗ :=

∑p
i=1 λj |u|(j) is the sorted l1 norm

I with tuning parameters λ1 ≥ · · · ≥ λp > 0, and λ > 0.

SRE(s, c0) condition :

The design matrix X satisfies maxj=1,...,p | |Xej | |n ≤ 1 and

κ(s) := min
δ∈CSRE(s,c0):δ,0

| |Xδ | |n
|δ |2

> 0,

where CSRE(s, c0) := {δ ∈ Rp : |δ |1 ≤ (1 + c0)
√
s |δ |2}.

WRE(s, c0) condition :

The design matrix X satisfies maxj=1,...,p | |Xej | |n ≤ 1 and

κ′ := min
δ∈CWRE(s,c0):δ,0

| |Xδ | |n
|δ |2

> 0,

where CWRE(s, c0) :=
{
δ ∈ Rp : |δ |∗ ≤ (1 + c0)|δ |2

√∑s
j=1 λ

2
j

}
.

Choice of the tuning parameters

Square-Root Lasso:

λ = γ

√
1
n
log

(
2p
s

)
, with γ ≥ 16 + 4

√
2,

Square-Root Slope:

λj = γ
′

√
1
n
log

(
2p
j

)
, for j = 1, . . . , p, with γ ′ ≥ 16 + 4

√
2,

Minimax optimal rates for Square-root Lasso

If (s/n) log(2p/s) < 9κ2/256γ 2 and under SRE(s, 5/3), then with
probability greater than 1 − (p/s)−s − (1 + e2)e−n/24, we have

| |X(β̂SQL − β∗)| |n ≤
C1

κ2
σ

√
s
n
log

(p
s

)
,

|β̂SQL − β∗|q ≤
C2

κ2
σ s1/q

√
1
n
log

(
2p
s

)
,

where 1 ≤ q ≤ 2 and C1,C2 are constants.

Algorithm 1: Algorithm for making β̂SQL adaptive to s.

Input: a distance d(·, ·) on Rp

Input: a function w(·) : [1, s∗] → R+
Input: a family of estimators

(
β̂(s)

)
s=1,...,s∗

M ← blog2(s∗)c ;
for m← 1 to M + 1 do
compute the estimator β̂(2m) ;
end
compute σ̂ ← ||Y − Xβ̂(2M+1)| |n ;

compute the set S1←
{
m ∈ {1, . . . ,M} :

d
(
β̂(2k−1), β̂(2k)

)
≤ 4σ̂C0w(2k), for all k ≥ m

}
;

if S1 , ∅ then m̃← min S1 else m̃← M ;
Output: s̃← 2m̃
Output: β̃ ← β̂(s̃)

Computation of the Square-root Slope

As in the case of the Square-root Lasso, we still have for any β ,

| |Y − Xβ | |n = min
σ>0

(
σ +
| |Y − Xβ | |2n

σ

)
,

where the minimum is a�ained for σ̂ = | |Y − Xβ | |n.
As a consequence,

β̂SQS ∈ argmin
β∈Rp

(
| |Y − Xβ | |n + |β |∗

)
is equivalent to take the estimator β̂ in the joint minimization
program

(β̂ , σ̂ ) ∈ argmin
β∈Rp,σ>0

(
σ +
| |Y − Xβ | |2n

σ
+ |β |∗

)
.

Algorithm 2: Scaled Slope algorithm

Input: explained variable Y , design matrix X ;
Input: tuning parameters λ1 ≤ · · · ≤ λp ;
choose some initialization value for σ̂ , for example the standard
deviation of Y ;
repeat
estimate β̂ by the Slope algorithm with the parameters
σ̂ · λ1, . . . , σ̂ · λp ;
estimate σ̂ by | |Y − Xβ̂ | |n ;
until convergence;
Output: a joint estimator

(
β̂, σ̂

)
;

Minimax optimal rates for Square-root Slope

If (s/n) log(2ep/s) < κ′2/256γ ′2 and under WRE(s, 20), then with
probability greater than 1 − (p/s)−s − (1 + e2)e−n/24, we have

| |X(β̂SQS − β∗)| |n ≤
C′1
κ′
σ

√
s
n
log

(p
s

)
,

|β̂SQS − β∗|∗ ≤
C′1
κ′2
σ
s
n
log

(p
s

)
,

|β̂SQS − β∗|2 ≤
C′1
κ′2
σ

√
s
n
log

(p
s

)
,

where C′1 is a constant,
denoting by | · |q the lq norm (for estimation), and | | · | |2n := | · |22/n
(for prediction).
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