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Introduction
We consider the estimation of a conditional copula function C of a couple of duration variables
T and U , in a framework where these times are observed successively and suffer from right
censoring.
Applications: Biostatistics (T = Infection time, U = Recovery time), Insurance (T = Effective
time of a contract, U = Termination time of a contract).
Goal: Study the dependence structure between T and U , in presence of covariates X ∈ Rd - e.g.
age of the policyholder, sex, level of insurance - that may have impact on the joint distribution.

Theorem: Sklar’s theorem

Let F (t, u) = P(T ≤ t, U ≤ u). Then:

F (t, u) = C(FT (t), FU (u)).

Obstacles: Censoring variable C. Dependence studied conditionally on X .
Contributions: Mathematical justification of our method. Application on a real dataset of infor-
mation on a portfolio of health insurance contracts.

Censored Observations
•We consider i.i.d. realizations (Ti, Ui, Xi, Ci)1≤i≤n of a random vector (T, U,X,C).

•Censoring of the data: the variables T and U are not directly observed. Instead of (Ti, Ui), one
observes 

Yi = min(Ti, Ci),
Zi = min(Ui, Ci − Ti),
ηi = 1Ti≤Ci,
γi = 1Ui+Ti≤Ci.

Conditional copula estimation

Let F (t, u|x) = P(T ≤ t, U ≤ u|X = x). By Sklar Theorem, F (t, u|x) = C(x)(FT (t|x), FU (u|x)),

where C(x) denotes the copula of the conditional distribution of (T, U) conditionally on X = x.

Assumption 1: Fundamental Assumptions

(a) Assume that C is independent from (T, U,X).
(b) Let C = {Cθ : θ ∈ Θ}, with Θ a compact subset of Rk, denote a parametric family of copula
functions. Assume that, for all x ∈ X , there exists θ(x) ∈ Θ such that

C(x) = Cθ(x).

Let M(x, θ) = E[log cθ(FT (T |X), FU (U |X))|X = x], where cθ(a, b) = ∂2
a,bCθ(a, b) denotes the

copula density associated with copula function Cθ. We have, by definition of θ(x),

θ(x) = arg max
θ∈Θ

M(x, θ).

Consider a function φ such that E[|φ(T, U,X)|] < ∞, and φ(t, u, x) = 0 for t + u ≥ τU+T (x).
Under Assumption 1.a, elementary computations show that
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where SC(t) = P(C > t), and δ = ηγ.
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where K is a kernel function, h is a bandwidth parameter, Âi = F̂T (Yi|Xi) and B̂i = F̂U (Zi|Xi)
are pseudo-observations, ŜC is an estimator of SC , and wi,n is a trimming function defined as
ωi,n = 1

min(Âi,B̂i,1−Âi,1−B̂i)≥νn
for a sequence νn tending to zero.

We define our final estimator of θ(x) as

θ̂h(x) = arg min
θ∈Θ

Mn,h(x, θ), (4)

Assumption 2: Technical Assumptions

(a) Regularity assumptions (C2) on the model when x varies.
(b) Assumptions that ensure that the Hessian matrix of cθ(x, θ) taken at the point θ(x) is positive-
definite.
(c) Integrability assumptions (L2) required to obtain results on convergence speed.
(d) Speed of convergence of pseudo-observations:

sup
1≤i≤n

|Âi − Ai| + |B̂i −Bi| = OP (εn),

with εn = o(νn).

Main Results
Theorem 1: Bias term

Let
θ∗h(x) = arg max
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Then:

sup
x∈X
‖θ∗h(x)− θ(x)‖ = O(h2).

Theorem 2: Stochastic term

sup
x∈X
‖θ̂h(x)− θ∗h(x)‖ = OP (νn + [log n]1/2n−1/2h−d/2).

Application of the method to insurance data

• T corresponds to the effective time of a contract (i.e. the duration between the date of subscrip-
tion and the date of effect of the contract),
• U is the termination time of the contract (i.e. the duration between the date of effect and the

date of termination),
•C is the age of a contract (i.e. the duration between the date of subscription of the contract and

the date of the end of observation),
•X is the age of the contract holder at the subscription.

Four families of parametric copulas are tested to model the dependence between T and U : Gaussian,
Clayton, Gumbel and Frank copulas.

Results

(a) For each copula family and each band-
width value h, box plots of the train and
test square root errors √εh,tr and √εh,te
(n = 10000, 100 repetitions). √εh,t. is a
distance calculated from Kendall τ , using the
one to one relations between the parameter
θ and the Kendall τ for the different copula
families.

(b) For each copula family, mean value of the
conditional copula parameter as a function of
the age x (h = 20, n = 10000, 100 repeti-
tions).

(a) Copulas train and test errors

(b) Copulas conditional parameters

(c) Impact of the variable level of insurance
on the conditional dependence between T
and U , given the age of the prospect (Frank
copula, h = 20, 100 repetitions).

(c) Impact of the level of insurance

Conclusion
•We proposed a methodology to estimate a conditional copula function under random censoring,

when the two variables linked through the copula are right censored successive times.

• From a numerical point of view, the procedure is simple, since it relies on a weighted log-
likelihood approach.

• In our paper, we provide a mathematical justification of the method. In particular, we provide
conditions on the censoring which allow to understand the behavior of the method even in the
tail of the distribution.
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